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Abstract. This paper proposes a new uncertainty principle for the two-
sided quaternion Fourier transform. This uncertainty principle describes
that the spread of a quaternion-valued function and its two-sided quater-
nion Fourier transform (QFT) are inversely proportional. We obtain a
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1. Introduction
The quaternion Fourier transform (QFT) is a nontrivial generalization of the
classical Fourier transform (FT) using quaternion algebra. A number of useful
properties of the QFT have been found including shift, modulation, convo-
lution, correlation, diﬀerentiation, energy conservation, uncertainty principle
and so on. Due to the non-commutative property of quaternion multiplica-
tion, there are three diﬀerent types of two-dimensional QFTs. These three
QFTs are so-called a left-sided QFT, a right-sided QFT, and a two-sided
QFT, respectively, (see, for example, [7,9,17]). The QFT has been widely
studied and applied in image and signal processing [3,4,12].
It is well known that the uncertainty principle for the FT relates the
variances of a function and its Fourier transform which cannot both be simul-
taneously sharply localized. One example of this is the Heisenberg uncer-
tainty principle concerning position and momentum wave functions in quan-
tum physics [2]. In signal processing an uncertainty principle states that the
product of the variances of the signal in the time and frequency domains has
a lower bound. Many generalizations of the uncertainty principles in the liter-
ature have been proposed. The uncertainty principle for the linear canonical
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transform (LCT), which is a generalization of the FT in the LCT domains was
discussed in [21,23]. In [19], the authors have derived uncertainty principles
for the windowed linear canonical transform (WLCT)—a generalized form of
the classical windowed Fourier transform. Theirs uncertainties are general-
izations of Lieb’s uncertainty principles [15] in the WLCT domains. Later,
in [24], the authors obtained a general form of the uncertainty principle for
hypercomplex signal in the LCT domain. Several uncertainty principles have
also been formulated for quaternion valued function on the quaternion Fourier
transform. In [5], the authors established a component-wise uncertainty prin-
ciple for the right-sided QFT and proved that the equality is achieved for
optimal quaternion Gaussian function. The directional uncertainty principle
for quaternion-valued function subject to the two-sided QFT was proposed
in [16]. Recently, in [8], the authors studied Pitt’s inequality and the uncer-
tainty principle associated with the QFT, which are generalization of Pitt’s
inequality in the classical case. It has already shown that a lower bound on the
product the spread of a quaternion-valued function and spread of its QFT
is given [5,16]. However, the lower bound of these principles is quite simi-
lar to the Heisenberg uncertainty principle for the two-dimensional Fourier
transform.
Therefore, the main objective of the present paper is to establish the
modiﬁed uncertainty principle for the two-sided QFT, i.e., full uncertainty
principle for the two-sided QFT. Our results can be considered as an exten-
sion and continuation of the previous works. Here, we obtain a new uncer-
tainty relation which tightens the lower bound ones given in [5,16]. We then
demonstrate that a modulated and shifted two-dimensional Gaussian func-
tion minimizes the uncertainty. Speciﬁcally, we discuss that the quaternionic
Gabor ﬁlters turn this uncertainty principle to an equality.
2. Preliminaries
2.1. Quaternions
The quaternions, a generalization of complex numbers, are members of a
noncommutative division algebra. The set of quaternions is denoted by H.
Every element of H can be written in the following form
H = {q = q0 + i q1 + j q2 + k q3 ; q0, q1, q2, q3 ∈ R},
which obeys the following multiplication rules:
ij = −ji = k, jk = −kj = i,
ki = −ik = j, i2 = j2 = k2 = ijk = −1. (1)
For a quaternion q = q0 + i q1 + j q2 + k q3 ∈ H, q0 is called the scalar (or
real) part of q denoted by Sc(q) and i q1 + j q2 + k q3 is called the vector
(or pure) part of q. The vector part of q is conventionally denoted by q or
Vec(q) = iq1 + jq2 + kq3.
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Let p, q ∈ H and p, q be their vector parts, respectively. Equation (1)
yields the quaternionic multiplication qp as
qp = q0p0 − q · p + q0p + p0q + q × p, (2)
where
q · p = (q1p1 + q2p2 + q3p3),
q × p = i (q2p3 − q3p2) + j (q3p1 − q1p3) + k (q1p2 − q2p1).
The conjugate q¯ of the quaternion q is the quaternion given by
q¯ = q0 − i q1 − j q2 − k q3, q0, q1, q2, q3 ∈ R. (3)
It is an anti-involution, that is,
qp = p¯q¯.
From (3) we obtain the norm or modulus of q ∈ H deﬁned as
|q| = √qq¯ =
√
q20 + q
2
1 + q
2
2 + q
2
3 . (4)
It is not diﬃcult to see that
|qp| = |q||p|, ∀p, q ∈ H.
Using the conjugate (3) and the modulus of q, we can deﬁne the inverse of
q ∈ H\{0} as
q−1 =
q¯
|q|2 ,
which shows that H is a normed division algebra.
Any quaternion q may be split up into [16,17]
q = q+ + q−, q± =
1
2
(q ± iqj). (5)
Above gives
q± = {(q0 ± q3) + i(q1 ∓ q2)}1 ± k2 =
1 ± k
2
{(q0 ± q3) + j(q2 ∓ q1)}. (6)
This leads to the following modulus identity
|q|2 = |q−|2 + |q+|2. (7)
We also have
Sc(p+q¯−) = 0.
It is convenient to introduce an inner product for quaternion-valued
functions f, g : R2 → H as follows:
(f, g) =
∫
R2
f(x)g(x) dx, dx = dx1dx2. (8)
In particular, for f = g, we obtain the Lp(R2;H)-norm
‖f‖Lp(R2;H) =
(∫
R2
|f(x)|p dx
)1/p
, 1 ≤ p ≤ 2. (9)
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2.2. QFT and Its Properties
In this section we begin by deﬁning the two-sided QFT.1 We discus some
properties, which will be used to prove the uncertainty principle.
Definition 2.1. The QFT of f ∈ L1(R2;H) is the transform Fq{f} : R2 → H
given by the integral
Fq{f}(ω) =
∫
R2
e−iω1x1 f(x) e−jω2x2 dx. (10)
Here Fq is called the quaternion Fourier transform operator.
Definition 2.2. If f ∈ L1(R2;H) and Fq{f} ∈ L1(R2;H), then the inverse
QFT mentioned above is given by
f(x) = F−1q [Fq{f}](x) =
1
(2π)2
∫
R2
eiω1x1 Fq{f}(ω) ejω2x2 dω, (11)
where F−1q is called the inverse QFT operator.
According to (6) the QFT of the f± split parts of quaternion function
f ∈ L2(R2;H) have simplex forms (compare to Hitzer [16,17])
Fq{f±}(ω) =
∫
R2
f±e−j(ω2x2∓ω1x1) dx =
∫
R2
e−i(ω1x1∓ω2x2) f±dx. (12)
In fact, it directly follows from the two-sided QFT deﬁnition (10) that
Fq{f±}(ω) =
∫
R2
e−iω1x1 f±(x) e−jω2x2 dx
=
∫
R2
e−iω1x1 {(f0 ± f3) + i(f1 ∓ f2)}1 ± k2 e
−jω2x2 dx
=
∫
R2
{(f0 ± f3) + i(f1 ∓ f2)}e−iω1x1 1 ± k2 e
−jω2x2 dx.
Applying (6) yields
Fq{f±}(ω) =
∫
R2
{(f0 ± f3) + i(f1 ∓ f2)}1 ± k2 e
−j(ω2x2∓ω1x1) dx
=
∫
R2
f±e−j(ω2x2∓ω1x1) dx.
On the other hand,
Fq{f±}(ω) =
∫
R2
{(f0 ± f3) + i(f1 ∓ f2)}1 ± k2 e
−j(ω2x2∓ω1x1) dx
=
∫
R2
{(f0 ± f3) + i(f1 ∓ f2)}e−i(ω1x1∓ω2x2) 1 ± k2 dx
=
∫
R2
e−i(ω1x1∓ω2x2) {(f0 ± f3) + i(f1 ∓ f2)}1 ± k2 dx
=
∫
R2
e−i(ω1x1∓ω2x2) f±dx.
1For simplicity of notation we write the QFT instead of the two-sided QFT in the next
section.
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Definition 2.3. A couple α = (α1, α2) of nonnegative integers is called a
multiindex. We denote
|α| = α1 + α2, α! = α1!α2!, (13)
and for x ∈ R2,
xα = xα11 x
α2
2 . (14)
Derivatives are conveniently expressed by multiindices:
∂α =
∂|α|
∂xα11 ∂x
α2
2
. (15)
Next, we obtain the Schwartz space as (compare to [20])
S(R2;H) =
{
f ∈ C∞(R2,H) : sup
x∈R2
(1 + |x|k)|∂αf(x)| < ∞
}
, (16)
where C∞(R2,H) is the set of smooth function from R2 to H.
Some important properties of the QFT are stated in the following lem-
mas proved in [4,5,9].
Lemma 2.1. Let f ∈ L1(R2;H) ∩ L2(R2;H). If Fq {∂αf} ∈ L1(R2;H), then
Fq {∂αf} (ω) = (iω1)α1Fq{f}(ω)(jω2)α2 . (17)
In particular, if Fq
{
∂(2,0)f
} ∈ L1(R2;H), then
Fq
{
∂(2,0)f
}
(ω) = (iω1)2Fq{f}(ω), (18)
and if Fq
{
∂(0,2)f
} ∈ L1(R2;H), then
Fq
{
∂(0,2)f
}
(ω) = Fq{f}(ω)(jω2)2. (19)
Lemma 2.2. (Plancherel’s theorem) The quaternion function f ∈ L2(R2;H)
and its QFT is related by
‖f‖2L2(R2;H) =
1
(2π)2
‖Fq{f}‖2L2(R2;H). (20)
We state the following result which was already proved in [10,11].
Theorem 2.1. (Time–frequency shift) If quaternion function f ∈ L2(R2;H),
then the QFT of the time–frequency shift of f is given by
Fq{eix1u0f(x − x0) ejx2v0}(ω) = e−iω1x0eiu0x0Fq{f}(ω − ω0) e−jω2y0ejv0y0 ,
(21)
where ω0 = e1u0 + e2v0 and x0 = e1x0 + e2y0.
In what follows, we investigate the connection between the QFT and
quantum mechanics (compare to [1]). Consider the case of a single electron
moving along the x-axis under the inﬂuence of some force ﬁeld. It is known
that this electron is attached a wave function f(x) that can be used to gen-
erate the probability density function for the position of the electron, ρ(x),
via formula
ρ(x) = |f(x)|2. (22)
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Max Brown in 1926 proved that probability that the momentum is in
[a, b] ∩ [c, d] = ∫ b
a
∫ d
c
ρ(x) dx. Because the total probability is one, we have∫
R2
ρ(x) dx =
∫
R2
|f(x)|2 dx = 1.
It is a fact from quantum mechanics that the probability density for the
momentum of the electron is also related to the wave function f . Let
g(p) =
1

Fq{f}
(p

)
, p ∈ R2, (23)
where  is Planck’s constant. We ﬁrst observe that 1(2π)2 |g(p)|2 is a joint
probability density function. This easily can be seen from
∫
R2
|g(p)|2 dp =
∫
R2
∣∣∣∣
1

Fq{f}
(p

)∣∣∣∣
2
dp
=
∫
R2
1
2
∣∣∣Fq{f}
(p

) ∣∣∣
2
dp.
Applying scaling property of the QFT (see [5,17]) and then using its
Plancherel’s theorem we immediately obtain
∫
R2
|g(p)|2 dp =
∫
R2
1
2
∣∣∣Fq{f}(p)
∣∣∣
2

2 dp
=
∫
R2
∣∣∣Fq{f}(p)
∣∣∣
2
dp
= (2π)2
∫
R2
|f(x)|2 dx.
It means that we have 1(2π)2
∫
R2
|g(p)|2 dp = 1. Hence the result follows then
immediately.
3. Uncertainty Principle for QFT
The classical uncertainty principle of harmonic analysis states that a non-
trivial function and its Fourier transform cannot both be simultaneously
sharply localized. In quantum mechanics the uncertainty principle asserts
that one cannot at the same time be certain of the position and of the veloc-
ity of an electron (or any particle). That is, increasing the knowledge of the
position decreases the knowledge of the velocity or momentum of an electron
[1]. This section establishes an uncertainty principle which is valid only for
the two-sided QFT. This uncertainty principle describes that the spread of
a quaternion-valued function and its two-sided QFT are inversely propor-
tional. It is shown that two-dimensional quaternionic Gabor ﬁlters minimize
the uncertainty.
Let us brieﬂy review some uncertainty principles associated with the
QFT. It is known that the right-sided QFT of f ∈ L1(R2;H) is given by the
integral
Fr{f}(ω) =
∫
R2
f(x) e−iω1x1 e−jω2x2 dx. (24)
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The component-wise uncertainty principle of (24) was reported by the
authors in [5] which takes the form
∫
R2
x2k|f(x)|2 dx
∫
R2
ω2k|Fr{f}(ω)|2 dω≥
(2π)2
4
(∫
R2
|f(x)|2
)2
, k = 1, 2.
(25)
The uncertainty principle (25) has been extended to the quaternionic win-
dowed transform domain [6,14], the quaternionic linear canonical transform
domain [24], and non-harmonic quaternion Fourier transform [13]. From equa-
tion (25), we get the following facts:
• This uncertainty is also valid for the two-sided QFT and left-sided QFT.
• It is not diﬃcult to show that the complex Gabor ﬁlters minimizes the
inequality, which it has the form
f(x) =
1
(π2α1α2)1/4
eix1u0e−(
(x1−x0)2
2α1
+
(x2−y0)2
2α2
),
or
f(x) =
1
(π2α1α2)1/4
e−(
(x1−x0)2
2α1
+
(x2−y0)2
2α2
) ejx2v0 .
Later, Hitzer [16] proposed the directional uncertainty principle associ-
ated with the QFT of the form∫
R2
(a · x)2|f(x)|2 dx
∫
R2
(a · ω)2|Fq{f}(ω)|2 dω
≥ (2π)
2
4
[
(a · b)2
(∫
R2
|f−(x)|2 dx
)2
+ (a · b′)2
(∫
R2
|f+(x)|2 dx
)2]
,
(26)
where constant vectors a, b ∈ R2 and b′ = −b1e1 + b2e2. Now choosing
a = b = ek, the uncertainty principle (26) becomes∫
R2
x2k|f(x)|2 dx
∫
R2
ω2k|Fq{f}(ω)|2 dω
≥ (2π)
2
4
[(∫
R2
|f−(x)|2
)2
+
(∫
R2
|f+(x)|2
)2]
(7)
=
(2π)2
4
(∫
R2
|f(x)|2
)2
, k = 1, 2. (27)
This shows that the directional uncertainty principle (26) can be thought of
as a generalization of the component-wise uncertainty principle (25).
We state the following fundamental theorem which is a new version of
uncertainty principle associated with the two-sided QFT.
Theorem 3.1. Let f ∈ S(R2;H) be a quaternion-valued function which has
the QFT Fq{f}(ω). We denote F =
∫
R2
|f(x)|2 dx < ∞, then the following
inequality holds
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∫
R2
x21|f(x)|2x22 dx
∫
R2
ω21 |Fq{f}(ω)|2ω22 dω
≥ (2π)2
∣∣∣∣∣
1
2
F −
∫
R2
∣∣∣∣∣x1x2
∂f(x)
∂x2
∂f(x)
∂x1
∣∣∣∣∣ dx
∣∣∣∣∣
2
. (28)
It is obvious that if
∫
R2
∣∣∣x1x2 ∂f(x)∂x2
∂f(x)
∂x1
∣∣∣ dx = 0, (28) will reduce to
∫
R2
x21|f(x)|2x22 dx
∫
R2
ω21 |Fq{f}(ω)|2ω22 dω ≥
(2π)2
4
F 2. (29)
Moreover, the lower bound of (28) is π
2
4 , which is achieved for the 2D Gauss-
ian function f(x) such that
∫
R2
|f(x)|2 dx = 1
Before we prove Theorem 3.1 we prepare two lemmas.
Lemma 3.1. Let f, g ∈ L2(R2;H) be two quaternion-valued functions. Then
the Schwartz inequality takes the form
∣∣∣∣
∫
R2
f¯g dx
∣∣∣∣
2
≤
∫
R2
|f |2dx
∫
R2
|g|2dx, ∀f, g ∈ L2(R2;H). (30)
Lemma 3.2. Let f, g ∈ L2(R2;H) be two quaternion-valued functions. Suppose
that xkf(x) ∈ L2(R2;H) then the following relation is fulfilled:
∫
R2
(
xkf¯(x)
∂
∂xk
g(x)
)
dx = −
∫
R2
e−μαeνβ |f(x)|g(x)| dx
−
∫
R2
xke
−μαeνβ | ∂
∂xk
f(x)|g(x)| dx. (31)
In particular, when g = f we obtain
∫
R2
(
xkf¯(x)
∂
∂xk
f(x)
)
dx = −1
2
∫
R2
|f(x)|2 dx, k = 1, 2, (32)
where μ = f(x)|f(x)| , ν =
g(x)
|g(x)| , α = arctan
|f(x)|
f0(x)
and β = arctan |g(x)|g0(x) .
Proof. The proof of Lemma 3.2 is quite similar to the proof of Theorem 20
in [18] and so details are omitted. 
Now let us properly begin the proof of Theorem 3.1.
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Proof. Direct calculations yield
∫
R2
x21|f(x)|2x22 dx
∫
R2
ω21 |Fq{f}(ω)|2ω22 dω
=
∫
R2
x21|f(x)|2x22 dx
∫
R2
|(iω1)Fq{f}(ω)(jω2)}|2 dω
(17)
=
∫
R2
x21|f(x)|2 x22 dx
∫
R2
∣∣∣∣Fq
{
∂2
∂x1∂x2
f
}
(ω)
∣∣∣∣
2
dω
(20)
= (2π)2
∫
R2
x21|f(x)|2 x22 dx
∫
R2
∣∣∣∣
∂2
∂x1∂x2
f(x)
∣∣∣∣
2
dx
Lemma 3.1≥ (2π)2
∣∣∣∣
∫
R2
x1x2f¯(x)
∂2f(x)
∂x2∂x1
dx
∣∣∣∣
2
= (2π)2
∣∣∣∣∣
∫
R2
x1x2
∂
∂x2
(
f¯(x)
∂
∂x1
f(x)
)
dx −
∫
R2
x1x2
∂f(x)
∂x2
∂f(x)
∂x1
dx
∣∣∣∣∣
2
= (2π)2
∣∣∣∣∣
∫
R2
x1x2
∂
∂x2
(
f¯(x)
∂
∂x1
f(x)
)
dx−
∫
R2
x1x2
∂f(x)
∂x2
∂f(x)
∂x1
dx
∣∣∣∣∣
2
.
(33)
Further, using integration by parts and then applying Lemma 3.2 we get
∫
R2
x2
∂
∂x2
(
x1f¯(x)
∂
∂x1
f(x)
)
dx
=
∫
R
[
x2x1f¯(x)
∂
∂x1
f(x)
]x2=∞
x2=−∞
dx1 −
∫
R2
(
x1f¯(x)
∂
∂x1
f(x)
)
dx
= 0 +
1
2
∫
R2
|f(x)|2 dx
=
1
2
∫
R2
|f(x)|2 dx. (34)
Hence,
∫
R2
x21|f(x)|2x22 dx
∫
R2
ω21 |Fq{f}(ω)|2ω22 dω
≥ (2π)2
∣∣∣∣∣
1
2
∫
R2
|f(x)|2 dx −
∫
R2
x1x2
∂f(x)
∂x2
∂f(x)
∂x1
dx
∣∣∣∣∣
2
. (35)
Using the triangle inequality of quaternion equation (35) can be written in
the form
∫
R2
x21|f(x)|2x22 dx
∫
R2
ω21 |Fq{f}(ω)|2ω22 dω
≥ (2π)2
∣∣∣∣∣
1
2
∫
R2
|f(x)|2 dx −
∫
R2
x1x2
∂f(x)
∂x2
∂f(x)
∂x1
dx
∣∣∣∣∣
2
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≥ (2π)2
∣∣∣∣∣
∣∣∣∣
1
2
∫
R2
|f(x)|2 dx
∣∣∣∣ −
∣∣∣∣∣
∫
R2
x1x2
∂f(x)
∂x2
∂f(x)
∂x1
dx
∣∣∣∣∣
∣∣∣∣∣
2
≥ (2π)2
∣∣∣∣∣
1
2
∫
R2
|f(x)|2 dx −
∫
R2
∣∣∣∣∣x1x2
∂f(x)
∂x2
∂f(x)
∂x1
∣∣∣∣∣ dx
∣∣∣∣∣
2
= (2π)2
∣∣∣∣∣
1
2
F −
∫
R2
∣∣∣∣∣x1x2
∂f(x)
∂x2
∂f(x)
∂x1
∣∣∣∣∣ dx
∣∣∣∣∣
2
. (36)
Notice now that (28) achieves the minimum if we take the 2D Gaussian
function f(x) such that
∫
R2
|f(x)|2 dx = 1. In this case, we obtain
∫
R2
∣∣∣∣∣x1x2
∂f(x)
∂x2
∂f(x)
∂x1
∣∣∣∣∣ dx =
1
4
.
It means that
(2π)2
∣∣∣∣∣
1
2
∫
R2
|f(x)|2 dx −
∫
R2
∣∣∣∣∣x1x2
∂f(x)
∂x2
∂f(x)
∂x1
∣∣∣∣∣ dx
∣∣∣∣∣
2
=
(2π)2
16
=
π2
4
.
This concludes the proof of the theorem. 
Remark 3.1. Applying a parallel theory from the right-sided QFT to left-
sided QFT, one can show that Heisenberg’s inequality (29) still hold for the
right-sided QFT and left-sided QFT.
As a consequence of (29) in Theorem 3.1, we get the following corollary.
Corollary 3.1. If the quaternion function f is related to the wave function g
[22] such that
g(p) =
1

Fq{f}
(p

)
, (37)
then the Heisenberg uncertainty principle (29) takes the following form:∫
R2
x21|f(x)|2x22 dx
∫
R2
p21|g(p)|2 p22 dp ≥
(2π)22
4
F 2. (38)
Proof. Letting ω = p

, we easily get
∫
R2
p21|g(p)|2 p22 dp =
∫
R2
p21
∣∣∣∣
1

Fq{f}(p

)
∣∣∣∣
2
p22 dp
=
∫
R2
ω21 |Fq{f}(ω)|2 ω222 dω.
Or, equivalently,
1
2
∫
R2
p21|g(p)|2 p22 dp =
∫
R2
ω21 |Fq{f}(ω)|2 ω22 dω.
This implies that Eq. (29) will reduce to∫
R2
x21|f(x)|2x22 dx
∫
R2
p21|g(p)|2 p22 dp ≥
(2π)22
4
F 2,
which was to be proved. 
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From Corollary 3.1 we see that taking the QFT of a probability distribu-
tion in the position domains gives a probability distribution in the momentum
domain, which means that we cannot precisely know both the position and
momentum of a particle (electron) to arbitrary certainty. Thus, an electron
whose position is highly localized must necessary have a very non localized
momentum density.
Now we deﬁne a new quaternion function
g(x) = e−ix1u0 f(x + x0) e−jx2v0 , x0 = x0e1 + y0e2. (39)
This gives the following result.
Lemma 3.3. For a quaternion function g defined in (39), we have
Fq{g}(ω) = eix0(ω1+u0) Fq{f}(ω + ω0) ejy0(ω2+v0), ω0 = u0e1 + v0e2.
(40)
Proof. Applying (10) we get
Fq{g}(ω) =
∫
R2
e−iω1x1g(x) e−jω2x2 dx
=
∫
R2
e−iω1x1 e−ix1u0 f(x + x0) e−jx2v0 e−jω2x2 dx (41)
Letting t = x + x0, we obtain
Fq{g}(ω) =
∫
R2
e−iω1(t1−x0) e−i(t1−x0)u0 f(t) e−j(t2−y0)v0 e−jω2(t2−y0) dt
=
∫
R2
e−iω1t1 eiω1x0e−it1u0 eix0u0f(t) −jω2t2 ejω2y0e−jt2v0 ejy0v0 dt
=
∫
R2
e−it1(ω1+u0) eix0(ω1+u0) f(t) e−jt2(ω2+v0) ejy0(ω2+v0) dt
= eix0(ω1+u0) Fq{f}(ω + ω0) ejy0(ω2+v0).
The proof is complete. 
For this quaternion function g, we immediately obtain∫
R2
|g(x)|2 dx =
∫
R2
|e−ix1u0 f(x + x0) e−jx2v0 |2 dx
=
∫
R2
|f(x + x0)|2 dx
=
∫
R2
|f(t)|2 dt.
It means that we have∫
R2
|u1g(u)u2|2 du =
∫
R2
|u1e−iu1u0 f(u + x0) e−ju2v0u2|2 du
=
∫
R2
|(t1 − x0)e−i(t1−x0)u0 f(t) e−j(t2−y0)v0(t2 − y0)|2 dt
=
∫
R2
|(x1 − x0)f(x)(x2 − y0)|2 dx.
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Hence,∫
R2
|t1Fq{g}(t)t2|2 dt =
∫
R2
|t1e−it1x0 Fq{f}(t + ω0)e−jt2v0t2|2 dt
=
∫
R2
|(ω1 − u0)e−i(ω1−u0)x0 Fq{f}(ω)
× e−j(ω2−v0)y0(ω2 − v0)|2 dω
=
∫
R2
|(ω1 − u0)Fq{f}(ω)(ω2 − v0)|2 dω.
Applying Theorem 3.1 to quaternion function g mentioned above we easily
obtain the full generality of the uncertainty principle in the the following
form.
Theorem 3.2. Under the assumptions of Theorem 3.1, we have∫
R2
(x1 − x0)2|f(x)|2(x2 − y0)2 dx
∫
R2
(ω1 − u0)2|Fq{f}(ω)|2(ω2 − v0)2 dω
≥ (2π)2
∣∣∣∣∣
1
2
F −
∫
R2
∣∣∣∣∣(x1 − x0)
∂f(x)
∂x2
∂f(x)
∂x1
(x2 − y0)
∣∣∣∣∣ dx
∣∣∣∣∣
2
, (42)
and∫
R2
(x1 − x0)2|f(x)|2(x2 − y0)2 dx
∫
R2
(ω1 − u0)2|Fq{f}(ω)|2(ω2 − v0)2 dω
≥ (2π)
2
4
F 2. (43)
Since shifting and modulation properties hold for the two-sided QFT,
then the uncertainty principle in Theorem 3.2 achieves the minimum for a
modulated and shifted Gaussian function (compare to [3]), namely,
f(x) = C0 eix1u0e
−( (x1−x0)22α1 +
(x2−y0)2
2α2
) ejx2v0 , (44)
where C0 is a quaternion constant and α1 > 0, α2 > 0 are real constants.
Let us illustrate the above theorem by taking a simple example.
Example 3.1. For u0 and v0 ﬁxed, consider a two-dimensional quaternionic
Gabor ﬁlter of the form
f(x) =
1
(π2α1α2)1/4
eix1u0e−(
(x1−x0)2
2α1
+
(x2−y0)2
2α2
) ejx2v0 . (45)
It follows that∫
R2
|f(x)|2 dx = 1
(π2α1α2)1/2
∫
R2
e−(
(x1−x0)2
α1
+
(x2−y0)2
α2
) dx. (46)
Taking a change of variables, x1 − x0 = z1, x2 − y0 = z2 yields∫
R2
|f(x)|2 dx = 1
(π2α1α2)1/2
∫
R2
e−(
z21
α1
+
z22
α2
) dz
=
1
(π2α1α2)1/2
√
πα1
√
πα2 = 1. (47)
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Now, appealing to Plancherel’s theorem for the two-sided QFT (20), we infer
that ∫
R2
|Fq{f}(ω)|2 dω = 4π2. (48)
Using Theorem 2.1, we obtain
Fq{f}(ω) = 1(π2α1α2)1/4
π√
1
2α1
1
2α2
× ei(ω1−u0)x0e−( α1(ω1−u0)
2
2 +
α2(ω2−v0)2
2 ) ej(ω2−v0)y0
=
π
(π2α1α2)1/4
√
4α1α2 ei(ω1−u0)x0e−(
α1(ω1−u0)2
2 +
α2(ω2−v0)2
2 )
× ej(ω2−v0)y0
= 2π1/2(α1α2)1/4 ei(ω1−u0)x0e−(
α1(ω1−u0)2
2 +
α2(ω2−v0)2
2 ) ej(ω2−v0)y0 .
(49)
Further, we have∫
R2
(x1 − x0)2|f(x)|2(x2 − y0)2 dx
=
1
(π2α1α2)1/2
∫
R2
(x1 − x0)2e−(
(x1−x0)2
α1
+
(x2−y0)2
α2
)(x2 − y0)2 dx
=
1
(π2α1α2)1/2
∫
R2
z21e
−( z
2
1
α1
+
z22
α2
)z22 dz
=
1
4(π2α1α2)1/2
√
π
α
−3/2
1
√
π
α
−3/2
2
=
(α1α2)
4
. (50)
We also have∫
R2
(ω1 − u0)2|Fq{f}(ω)|2(ω2 − v0)2 dω
= 4π(α1α2)1/2
∫
R2
(ω1 − u0)2
×
∣∣∣∣ei(ω1−u0)x0e−(
α1(ω1−u0)2
2 +
α2(ω2−v0)2
2 ) ej(ω2−v0)y0
∣∣∣∣
2
(ω2 − v0)2 dω
= 4π(α1α2)1/2
∫
R2
(ω1 − u0)2
∣∣∣∣e−(
α1(ω1−u0)2
2 +
α2(ω2−v0)2
2 )
∣∣∣∣
2
(ω2 − v0)2 dω
= 4π(α1α2)1/2
∫
R2
(ω1 − u0)2 e−(α1(ω1−u0)2+α2(ω2−v0)2(ω2 − v0)2 dω
= π(α1α2)1/2
√
π
α
3/2
1
√
π
α
3/2
2
=
π2
(α1α2)
.
526 M. Bahri Adv. Appl. Cliﬀord Algebras
This means that∫
R2
(x1 − x0)2|f(x)|2(x2 − y0)2 dx
∫
R2
(ω1 − u0)2|Fq{f}(ω)|2(ω2 − v0)2 dω
=
(α1α2)
4
π2
(α1α2)
=
π2
4
. (51)
4. Conclusion
Due to the non-commutative property of quaternion multiplication, there
are three diﬀerent types of two-dimensional QFTs. These three QFTs are
so-called a left-sided QFT, a right-sided QFT, and a two-sided QFT, respec-
tively. Using the properties of the QFTs we obtained the connection between
the QFT and quantum mechanics. We then have established a new uncer-
tainty principle for the two-sided quaternion Fourier transform and ﬁnd that
a tighter lower bound about the product of the spread of quaternion signal
in the QFT domain. It is shown that the quaternionic Gabor ﬁlters minimize
the uncertainty.
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